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Abstract. We consider a non-interacting Fermi gas in d dimensions, both in the non-
relativistic and relativistic case. The system of size Ld is initially prepared into two
halves L and R, each of them thermalized at two different temperatures, TL and TR
respectively. At time t = 0 the two halves are put in contact and the entire system is left
to evolve unitarily. We show that, in the thermodynamic limit, the time evolution of the
particle and energy densities is perfectly described by a semiclassical approach which
permits to analytically evaluate the correspondent stationary currents. In particular,
in the case of non-relativistic fermions, we find a low-temperature behavior for the
particle and energy currents which is independent from the dimensionality d of the
system, being proportional to the difference T 2L − T 2R. Only in one spatial dimension
(d = 1), the results for the non-relativistic case agree with the massless relativistic
ones.
1. Introduction
In the last two decades, the improvement of the experimental techniques has made
it possible the experimental realization of the non-equilibrium dynamics of trapped
ultra-cold atomic gases with high precision[1, 2, 3, 4, 5, 6, 7, 8]. One of the
effects of such an experimental enhancement was to promote the theoretical studies
of the non-equilibrium properties of many-body quantum systems. In particular, the
theoretical attention has been mainly focused both on the (generalized)thermalization
mechanisms in one-dimensional quantum systems [9, 10, 11, 12, 13, 14, 15, 16, 17]
(see Ref. [18] for a general review), and on the out-of-equilibrium transport properties
[19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34].
In particular, with respect to the transport properties in a non-equilibrium
stationary-state (NESS), a very interesting situation is obtained by considering a gas of
atoms initially splitted into two different packets, each of them prepared at given initial
temperature. The gas is then released and left to evolve freely.
In this regard, recent works in one spatial dimension have established, using
Conformal Field Theory (CFT), an universal transport regime whenever two initially
isolated critical systems are instantaneously brought in contact [35]. This particular
behavior has been inspected in the spin-1/2 XXZ quantum chain [33] by means of
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Figure 1. Two Fermi gases prepared at different temperatures TL and TR are
instantaneously joined together and left to evolve with a non-interacting Hamiltonian.
In the thermodynamic limit and for large times a current-carrying state opens across
the interface. The two different colored particles are just a graphical expedient in order
to emphasize the two different temperatures.
time-dependent Density Matrix Renormalization Group (tDMRG) algorithm at finite
temperature [36, 37, 38]. Interestingly, in Ref. [33] it has been found that the asymptotic
energy current seems to be in agreement, within the numerical errors, with the functional
form f(TL)−f(TR). Nonetheless, recently, using a generalization of the Thermodynamic
Bethe Anstaz (TBA) [39], the NESS energy transport for any integrable model of
relativistic quantum field theory (IQFT) has been evaluated [31], and it has been found
that the “additivity” property of the energy current, which holds in CFT, does not hold
in general IQFT. In this regard, it has been suggested that the violation of the additivity
property may not be visible in Ref. [33] since lower than the numerical precision.
These studies make it evident that the debate on the non-equilibrium properties in
interacting systems is extremely promising and active.
Inspired by this scenario and by the new results coming from the gauge gravity
duality [40, 41, 42], we extended the analysis carried out for d = 1 in Ref. [43] to a
d-dimensional space, and for more general initial conditions.
Accordingly, in this paper we consider a local quantum quench, for a non-interacting
Fermi gas, along the spatial direction x1, while in the other d − 1 directions the
geometry is left unchanged. After preparing the system in a tensor thermal state, i.e. a
tensor product of two different thermal density matrices at two different temperatures
(TL/R ≡ 1/βL/R) and chemical potentials (µL/R), we leave it to evolve with a non-
interacting Hamiltonian. In particular, for an infinite system, by means of a semiclassical
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description [44, 45, 46], we fully characterize the time-evolution of the profiles of the
density of particles and of the energy density. From these profiles, we extract the analytic
expression for the non-equilibrium currents.
We find that, for small temperatures (TL/R  1), the energy and the particle
currents show an universal behavior on temperature ∼ (T 2L − T 2R), independent on
the dimensionality d. This result could be surprising and suggest a dimensional scaling
violation. Nevertheless, the correct dimensional scaling of the currents is restored thanks
to the appropriate powers of the other scaling dimensions entering the problem, namely
the mass of the particles and the chemical potential.
Moreover, we point out that only in one spatial dimension and at zero chemical
potential the result agrees with the CFT predictions, due to the fact that, just for
d = 1, the mass disappears from the calculation. Na¨ıvely, one might think that,
expanding the non-relativistic Fermi distribution for small temperatures, and keeping
the linear behavior of the dispersion relation around the Fermi surface, this should lead
to the same relativistic result. Nevertheless, starting from a dispersion relation of non-
relativistic particles, we argue that expanding the observables at small temperatures,
the CFT predictions cannot be recovered.
The paper is organized as follows. In Sec. 2 we present the model and the post-
quench Hamiltonian which governs the unitary evolution. In Sec. 3 we define the
observables, i.e. the linear density of particle and the linear density of energy along the
quenched direction, as well as the particle current and the energy current. In Sec. 4
we study the dynamics of the problem in the semiclassical approximation, and we show
that the problem can be mapped to an analogous 1D problem; we support the analytic
results comparing them with exact numerical calculations. In Sec. 5 and 6 we finally
give the analytic expression for the particle and energy currents in generic dimensions
in the case, respectively, of non-relativistic and relativistic dispersion relation. Finally
in Sec. 7 we draw our conclusions.
2. Model and Quench
We consider a non-relativistic quantum-field theory describing non-interacting spinless
fermions with mass m, in d spatial dimensions. Since we are interested in the non-
equilibrium stationary properties after a quantum quench along the direction x1, we
separately consider the x1 coordinate which is defined in [−L/2, L/2]. We introduced
the system length L along x1 in order to regularize infrared divergencies. For the same
reason, all the other coordinates xi, with i = 2, 3, . . . d, are restricted in the symmetric
domain Vd−1 ≡ [−L/2, L/2]⊗(d−1). For brevity, whenever it will be not ambiguous, we
will consider the entire definition domain V ≡ [−L/2, L/2]⊗ Vd−1. At the end, we will
be interested in the thermodynamic limit (TD limit) L→∞ after having integrated out
all the others directions. In this way, the results will be valid even for a finite domain
Vd−1.
The post-quench Hamiltonian governing the unitary evolution of the system is a
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direct sum of d free hamiltonians, namely
Hˆ =
∫
V
d∏
i=1
dxi Ψˆ
†(x)
{
− 1
2m
d∑
i=1
∂2xi
}
Ψˆ(x), (1)
where the fields Ψˆ(x), Ψˆ†(x) satisfy the canonical anti-commutation rules
{Ψˆ(x), Ψˆ†(y)} = δ(x − y). For brevity, we used the convention that x ≡ {x1, . . . , xd}
and, therefore, δ(x − y) ≡ ∏di=1 δ(xi − yi). Thanks to this fact, the eigenfunctions of
the one-particle differential operator −∑di=1 ∂2xi are easily found
Φp(x) =
d∏
i=1
ϕpni (xi), (2)
with p ≡ {pn1 , pn2 , . . . , pnd} and
ϕpni (xi) =
√
2
L
sin
[
pni
(
xi +
L
2
)]
, pni =
pi
L
ni, (3)
with ni ∈ N. By using the previous eigenfunctions, the free-fermionic operators are
easily introduced
ηˆ(p) =
∫
V
d∏
i=1
dxiΦp(x)Ψˆ(x), (4)
and the Hamiltonian (1) is readily diagonalized
Hˆ =
∞∑
n1,...,nd=0
d∑
i=1
p2ni
2m
nˆ(p), (5)
with nˆ(p) ≡ ηˆ†(p)ηˆ(p) the fermionic mode occupation operator. Notice that the
Hamiltonian commutes with the total number of particles operator
Nˆ =
∫
V
d∏
i=1
dxi Ψˆ
†(x)Ψˆ(x) =
∞∑
n1,...,nd=0
nˆ(p), (6)
therefore, Hˆ and Nˆ can be simultaneously diagonalized in the many-body Hilbert space.
Since the excitation spectrum of the Hamiltonian is non-negative, the ground state
without fixing the number of particles is the vacuum state |0〉, such that ηˆ(p)|0〉 = 0, ∀p.
At time t = 0 the system is divided into two halves along the x1 coordinate, namely
L (x1 < 0) andR (x1 > 0). Otherwise, the other directions are left unchanged during the
quench. The two subsystems are initially uncorrelated and the total initial Hamiltonian
is the direct sum of two independent Hamiltonians which can be easily diagonalized
following the same approach used so far for the post-quench Hamiltonian. The only
difference appears along the x1 direction due to the new boundary conditions at x1 = 0.
Therefore, the normalized eigenfunctions, building-up the one-particle Hilbert space of
the semi-domains i.e. [−L/2, 0]⊗ Vd−1 or [0, L/2]⊗ Vd−1, are given by
Φ±q (x) = φ
±
qm1
(x1)
d∏
i=2
ϕpmi (xi), (7)
Non-equilibrium transport in d-dimensional non-interacting Fermi gases 5
where q ≡ {qm1 , pm2 , . . . , pmd} and
φ±qm1 (x1) =
2√
L
sin (qm1x1) θ(±x1), qm1 =
2pi
L
m1, (8)
with m1 ∈ N and where θ(x) is the Heaviside function such that θ(x) = 1 for
x > 0, and zero otherwise. Using these functions the half-domain Hamiltonians are
straightforwardly diagonalized. For example, in the sub-domain [0, L/2]⊗Vd−1 one has
Hˆ+0 =
∫ L/2
0
dx1
∫
Vd−1
d∏
i=2
dxi Ψˆ
†(x)
{
− 1
2m
d∑
i=1
∂2xi
}
Ψˆ(x)
=
∞∑
m1,...,md=0
d∑
i=1
q2mi
2m
ξˆ†(q)ξˆ(q), (9)
where the fermionic fields Ψˆ(x), Ψˆ†(x) are related to the diagonal operators via
Ψˆ(x) =
∞∑
m1,...,md=0
Φ+q (x)ξˆ(q), x1 > 0. (10)
Similar arguments are valid for the negative half-domain.
Finally, in order to characterize the post-quench dynamics, it is useful to know the
decomposition of the initial one-particle eigenfunctions in terms of the the post-quench
basis, i.e.
Φ±q (x) =
∞∑
p=0
A±p,qΦp(x), (11)
where, in order to simplify the notation, the sum runs over the indeces ni defining the
vector p, and the overlap A±p,q implicitly depends on all the components of the momenta
p and q. Notice in particular that, thanks to the specific geometry of the problem, the
overlap reduces to the only diagonal part in all momenta apart from p1 = pin1/L and
q1 = 2pim1/L, i.e. the quenched momenta:
A±p,q = A±n1,m1
d∏
i=2
δni,mi , (12)
where A±n,m has been explicitly evaluated in Ref. [43], obtaining
A±n,m =

±4
√
2m sin(npi/2)
pi(4m2−n2) for n odd,
(−1)m√
2
δn,2m for n even.
(13)
3. Observables
We are interested in the non-equilibrium stationary behavior of the system after a local
quantum quench along the spatial direction x1.
It is worth mentioning the fact that, the quench protocol we are considering is
“local” in the sense that the post-quench dynamics is induced by a local coupling.
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However, unlike the zero-temperature local quantum quenches [47, 48, 49, 50], in our
setup the excess energy density in each of the two halves after the quench is finite,
making such a protocol similar to a “geometric” quench [51, 52].
Moreover, in order to fully characterize the non-equilibrium properties, it is natural
to look at the energy and particle transport along such direction, after having integrated
out the remaining coordinates. Indeed, in the TD limit and for large times, all currents
flowing in the directions orthogonal to x1 will be na¨ıvely vanishing.
Therefore, it is natural to introduce the linear density of particle and the linear
density of energy along x1, as
n(x1, t) ≡ 1
Ld−1
∫
Vd−1
d∏
i=2
dxi〈Ψˆ†(x)Ψˆ(x)〉t, (14)
E(x1, t) ≡ 1
Ld−1
∫
Vd−1
d∏
i=2
dxi〈Ψˆ†(x)H(x)Ψˆ(x)〉t, (15)
with the one-particle Hamiltonian’s differential operator H(x) ≡ −∑di=1 ∂2xi/(2m).
These quantities will be useful in order to evaluate the particle and energy currents. In
the following, let us specialize the discussion to the particle current J ≡ {Jx1 , . . . , Jxd},
the same arguments will be valid for the energy current.
Thus, the continuity equation for the current of particles in d dimensions reads∑d
i=1 ∂xiJxi(x, t) = −∂t〈Ψˆ†(x)Ψˆ(x)〉t. Integrating such equation in Vd−1 and considering
the fact that, in the TD limit, the system is in equilibrium along all the directions
orthogonal to x1, one immediately has
∂x1
1
Ld−1
∫
Vd−1
d∏
i=2
dxiJx1(x, t) = −∂tn(x1, t), (16)
from which we have the average current of particles flowing along the quenched direction
J (x1, t) = −
∫ x1
−∞
dz ∂tn(z, t), (17)
where the integration boundaries are opportunely fixed in order to have vanishing
current at x1 = ±∞. It is straightforward to show the equivalence J (x1, t) ≡
2 Im
[
L1−d
∫
Vd−1
∏d
i=2 dxi〈Ψˆ†(x)∂x1Ψˆ(x)〉t
]
. Following the same lines, we introduce the
average current of energy along x1
ϑ(x1, t) = −
∫ x1
−∞
dz ∂tE(z, t), (18)
which exactly agrees with the definition
ϑ(x1, t) ≡ 2 Im
[
L1−d
∫
Vd−1
∏d
i=2 dxi〈[∂x1Ψˆ†(x)]H(x)Ψˆ(x)〉t
]
.
4. Post-quench dynamics
The dynamics is unitarily generated by the Hamiltonian (1) starting from an out-of-
equilibrium initial state constructed as a tensor product of two thermal density matrices
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at two different temperatures and chemical potential, i.e. the “Grand Canonical tensor
state” ρˆ0 = %ˆ−(µL, βL)⊗ %ˆ+(µR, βR), where %ˆ±(µ, β) = Z−1 exp[−β(Hˆ±0 − µNˆ±)]. The
state %ˆ±(µ, β) is constructed in such a way that, whenever one considers the small
temperature behavior, i.e. βL/R  1, the initial density matrix ρˆ0 reduces to the
tensor product of the two filled Fermi seas |NL〉〈NL| ⊗ |NR〉〈NR|, where |NL/R〉 =∏k∗L/R
k ηˆ
†
L/R(k)|0〉, with the Fermi momentum k∗L/R being an implicit function of the
chemical potential µL/R.
As a consequence of the factorization, the two spatial regions (L andR) are initially
uncorrelated. Furthermore, such a state is quadratic in the local field operators and,
therefore, the Wick’s theorem applies. Moreover, since the Hamiltonian is quadratic in
the fermionic operators, the evolved state keeps its gaussian character and the Wick’s
theorem still applies. Consequently, all observables are derived from the two-point
correlation function. Therefore, we focus our attention on the time-evolution of the
two-point correlation function which is given by
C(x,y; t) =
∞∑
p,q=0
Φp(x)
∗Φq(y)〈ηˆ†(p)ηˆ(q)〉t, (19)
where, once again, in order to simplify the notation, the sum implicitly runs over all
the components of the vectors p and q. Following Ref. [43], one can straightforwardly
rewrite the time evolved correlation function as
C(x,y; t) =
∞∑
q=0
[
Φ−q (x, t)
∗Φ−q (y, t)
1 + exp[βL(Eq − µL)] +
Φ+q (x, t)
∗Φ+q (y, t)
1 + exp[βR(Eq − µR)]
]
, (20)
where, as usual q = {qm1 , pm2 , . . . , pmd}, Eq ≡ q2/(2m) and we introduced the time-
evolved one-particle eigenfunctions (neglecting an overall phase factor)
Φ±q (x, t) =
∞∑
p=0
A±p,qΦp(x)e−iEpt (21)
=
d∏
i=2
ϕpmi (xi)
∞∑
n1=0
A±n1,m1ϕpn1 (x1)e
−itp2n1/(2m).
4.1. The one-dimensional equivalence
Once we have a closed expression for the time-dependent two-point correlation function
in the entire domain V , the next step consists in integrating out the coordinates
orthogonal to the quenched one. Once again, let us start with the particle density.
In this case, by evaluating the correlation function in Eq. (20) at the same spatial
point x = y, after integrating over Vd−1, and using the orthogonality of the one-particle
eigenfunctions, we can reduce the original d-dimensional problem, to an equivalent 1D-
problem. Indeed, the linear density of particles becomes, in the TD limit,
n(x, t) =
∞∑
l=0
[|φ−ql(x, t)|2n˜L(ql) + |φ+ql(x, t)|2n˜R(ql)] , (22)
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where n˜L/R(q) plays the role of an affective one-dimensional mode occupation
n˜L/R(q) =
∫ ∞
0
d∏
i=2
dpi
pid−1
1
1 + exp[βL/R(Ep − µL/R)] , (23)
with p = {p1, . . . , pd} and q ≡ p1.
Similar arguments are valid for the energy density. In other words, also in this
case, the original problem can be mapped to an analogous one-dimensional problem.
However, in this case, similarly to what happens in the genuinely 1D situation, the
spatial derivative along the quenched direction, i.e. −∂2x1 , when applied on the Eq.
(21), brings an extra dependence on the quenched momenta pn1 inside the sum, which
obviously changes the linear combination of the time-evolved one-particle eigenfunction
in Eq.(21). In order to avoid such a mixing, we proceed in the following way: we
explicitly evaluate the spatial derivative along the all directions orthogonal to x1 (this
can be done because the eigenfunctions in such directions do not evolve at all), otherwise
we still treat the quenched momentum as an ordinary differential operator. In this way,
the problem can be exactly casted in an equivalent one-dimensional problem
E(x, t) =
∞∑
l=0
{
φ−ql(x, t)
∗
[
E˜L(ql)− n˜L(ql) ∂
2
x
2m
]
φ−ql(x, t)
+ φ+ql(x, t)
∗
[
E˜R(ql)− n˜R(ql) ∂
2
x
2m
]
φ+ql(x, t)
}
, (24)
where we introduced an effective one-dimensional energy distribution function
E˜L/R(q) =
∫ ∞
0
d∏
i=2
dpi
pid−1
∑d
i=2 p
2
i /(2m)
1 + exp[βL/R(Ep − µL/R)] . (25)
Notice how, in this case, the total effective one-dimensional energy operator is more
involved, being composed by an algebraic term E˜L/R(q) plus a differential operator
n˜L/R(q)∂2x/(2m). In particular, whenever d = 1, the numerator in Eq. (25)
becomes identically vanishing and the total operator reduces to −[∂2x/(2m)]/{1 +
exp[βL/R(q2/(2m)− µL/R)]} as expected.
The effective functions describing the equivalent one-dimensional problem are
explicitly evaluated in Appendix A.
4.2. Semiclassical description of the time-dependent profile of local observables along
the quenched direction
Since the original d-dimensional problem can be easily mapped to an equivalent 1D
problem, we can straightforwardly apply the same semiclassical approach proposed in
Ref. [43]. Also in this general case, the dynamics of the particle-density profile as well
as of the energy-density profile along the quenched direction can be fully characterized,
in the TD limit, by a semiclassical description in the 2-dimensional phase-space [45, 46].
Once again, we stress that such a construction can not reproduce the dynamics of the
correlations.
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Figure 2. (a,b,c) Numerically evaluated particle density profile via Eq. (22) in two
dimensions vs the scaling variable x/t for different rescaled times t/L (symbols). The
full lines are the analytic result (28). (d,e,f) Numerically evaluated energy density
profile via Eq. (24) in two dimensions vs the scaling variable x/t for different sizes L
and rescaled times t/L (symbols). The full lines are the analytic result (32). In the
rightmost column, i. e. (c,f), µR = µ∗ = 1.31298 in order to prepare initially the
systems with the same particle densities nL/R = 0.104506. For all data the fermions’
mass has been fixed to m = 1/2.
Let us start considering, for example, the unidimensional particle density. Indeed,
from the previous paragraph we already know that the dynamics of the linear density
of particles is fully characterized by a specific one-dimensional distribution associated
to the equivalent 1D problem. Therefore, we can associate to each phase-space point
a local initial packet of particles n0(x, p)dpdx. Then, each of them evolves following a
classical trajectory x±(t) = x0 ± vpt, with velocity vp ≡ ∂pEp = p/m, where the sign
refers to the left(−) and right(+) movers, similarly to what was already done in Ref.
[43]. Finally, in our case, the initial particle distribution in the phase-space (associated
to the quenched degrees of freedom) is
n0(x, p) =
n˜L(p)
pi
θ(−x) + n˜R(p)
pi
θ(x), (26)
from which we can straightforwardly obtain the time-evolved density profile
n(x, t) =
1
2
∑
σ=±1
∫
dp
∫
dx0 n0(x0, p)δ(x− x0 − σpt/m). (27)
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Figure 3. (a,b,c) Numerically evaluated particle density profile via Eq. (22) in three
dimensions vs the scaling variable x/t for different rescaled times t/L (symbols). The
full lines are the analytic result (28). (d,e,f) Numerically evaluated energy density
profile via Eq. (24) in three dimensions vs the scaling variable x/t for different sizes
L and rescaled times t/L (symbols). The full lines are the analytic result (32). In
the rightmost column, i. e. (c,f), µR = µ∗ = 1.61644 in order to prepare initially the
systems with the same density particles nL/R = 0.03537. For all data the fermions’
mass has been fixed to m = 1/2.
Injecting Eq.(26) in the latter equation, we finally obtain
n(x, t) =
1
2
{
nR + fL(mx/t,∞) + fR(0,mx/t) x > 0
nL + fL(0,−mx/t) + fR(−mx/t,∞) x < 0 , (28)
where we have introduced the scaling function
fL/R(x, y) ≡
∫ y
x
dp
pi
n˜L/R(p), (29)
and defined the left and right initial particle densities
nL/R ≡ fL/R(0,∞) = −
(m
2pi
) d
2
Li d
2
(−eβL/RµL/R)
β
d
2
L/R
, (30)
where the Polylogarithm function Lis(z) is defined in Appendix A.
Following the same lines, we can describe the time-dependent energy-density profile.
In this case, the initial one-dimensional energy distribution function is obtained from Eq.
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(24) after coarse graining the wave functions over the phase-space. Otherwise, the same
result can be achieved by considering, from the very beginning, a 2d-dimensional phase-
space and integrating out the degrees of freedom orthogonal to (x1, p1). Independently
on the approach, we finally get
E0(x, p) = E˜L(p) + n˜L(p)p
2/(2m)
pi
θ(−x)+ E˜R(p) + n˜R(p)p
2/(2m)
pi
θ(x), (31)
from which we straightforwardly obtain
E(x, t) = 1
2
{
ER + gL(mx/t,∞) + gR(0,mx/t) x > 0
EL + gL(0,−mx/t) + gR(−mx/t,∞) x < 0 , (32)
with
gL/R(x, y) ≡
∫ y
x
dp
pi
[
E˜L/R(p) + n˜L/R(p) p
2
2m
]
, (33)
and initial energy densities
EL/R ≡ gL/R(0,∞) = −d
2
(m
2pi
) d
2
Li d
2
+1
(−eβL/RµL/R)
β
d
2
+1
L/R
. (34)
In Figures 2 and 3 we compare the semiclassical predictions (28) and (32) with the
numerically evaluated particle and energy density profiles in two and three dimensions
for initial temperatures βL = 1, βR = 0.5 and chemical potentials equals (µL = µR = 1)
or different (µL = 2, µR = 1). Notice how, in this last situation, the particle and energy
rescaled profiles present regions with opposite gradient, therefore the particle and energy
stationary currents may flow in opposite directions. Moreover, we also consider the
particular initial situation characterized by the same left and right particle densities
(wich corresponds to the rightmost column in Figures 2 and 3). Notwithstanding,
the stationary state generated by the post-quench dynamics is characterized by a non-
vanishing current of particles.
5. Particle and energy currents along the quenched direction
Using these last results, we can easily derive the particle and the energy currents flowing
along the quenched direction and passing the interface separating the two semi-infinite
half domains. Indeed, from the continuity equation (17) and using the scaling form in
Eq. (28), the current of particle which flows from L to R is given by
J (z) = −
∫ z
−∞
dp
pi
p
2m
[n˜L(p)− n˜R(p)] . (35)
in terms of the scaling variable z = mx/t, where we used the fact that n˜L/R(−p) =
n˜L/R(p). Notice that in the scaling regime, the current at the interface x = 0 coincides
to the non-equilibrium stationary current (for t→∞) and it does not depend on time
as expected. Similarly, injecting Eq. (32) in Eq. (18), the energy current is obtained
ϑ(z) = −
∫ z
−∞
dp
pi
p
2m
{
E˜L(p)− E˜R(p) + p
2
2m
[n˜L(p)− n˜R(p)]
}
, (36)
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where we used the parity of E˜L/R(p).
In particular, making use of the results reported in Appendix A, we can explicitly
evaluate the particle and energy stationary currents along the quenched direction for
any dimension d. Indeed, we obtain for the current of particle in the non-equilibrium
stationary state JNESS ≡ J (0)
JNESS = m
d−1
2
(2pi)
d+1
2
[−Li d+1
2
(−eβLµL)
β
d+1
2
L
−
−Li d+1
2
(−eβRµR)
β
d+1
2
R
]
. (37)
In the same way, the stationary energy current ϑNESS ≡ ϑ(0) is given by
ϑNESS =
d+ 1
2
m
d−1
2
(2pi)
d+1
2
[−Li d+3
2
(−eβLµL)
β
d+3
2
L
−
−Li d+3
2
(−eβRµR)
β
d+3
2
R
]
. (38)
These latter equations can be expanded at low temperatures. Indeed, using the
asymptotic expansion of the Polylogarithm functions, one obtains, for µL/R > 0, up
to O(1/β2L/R)
JNESS = m
d−1
2
(2pi)
d+1
2
[
µ
d+1
2
L − µ
d+1
2
R
Γ(d+3
2
)
+
pi2
6 Γ(d−1
2
)
(
µ
d−3
2
L
β2L
− µ
d−3
2
R
β2R
)]
, (39)
and
ϑNESS =
(d+ 1)m
d−1
2
2(2pi)
d+1
2
[
µ
d+3
2
L − µ
d+3
2
R
Γ(d+5
2
)
+
pi2
6 Γ(d+1
2
)
(
µ
d−1
2
L
β2L
− µ
d−1
2
R
β2R
)]
, (40)
where Γ(z) is the usual Gamma function. Notice that, since Γ(0) is diverging, the low-
temperature behavior of the stationary particle current JNESS at d = 1 depends only on
the chemical potential gradient, in agreement with the asymptotic expansion of Li1(z).
Nevertheless, for all other dimensions, at low temperatures, and at fixed equal
chemical potentials, both the particle and the energy currents show the same quadratic
behavior in temperature.
5.1. Non-equilibrium transport for uniform initial particle densities
Often, in the experimental or numerical setups, the particle and energy transport
characterizing the non-equilibrium stationary state arises from fixed initial densities
of particle. In other words, it would be interesting to analyze the scaling properties of
the previous currents whenever the initial conditions of the left and right regions are such
that, the initial densities of particle are fixed and equals. Since the temperatures 1/βL/R
are still free parameters, the condition on the initial densities becomes a condition on
the chemical potentials µL/R. In particular, fixing the initial left and right densities of
particles to n0, and expanding Eq. (30) in the low temperature regime (β  1), one has
n0
(
2pi
m
)d/2
=
µd/2
Γ(d/2 + 1)
+
pi2
6 Γ(d/2− 1)
µd/2−2
β2
+O
(
1
β4
)
, (41)
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which can be iteratively solved for µ(β) in power of 1/β, giving
µ(β) = µ0
[
1− (d− 2)pi
2
12µ20
1
β2
]
+O
(
1
β4
)
, (42)
with µ0 = 2pi[n0Γ(d/2 + 1)]
2/d/m. Notice that, for d = 2 the second order correction
on the chemical potential expansion is zero and the first non-vanishing correction will
be of order 1/β4. However, thanks to the structure of the equations (39) and (40), for
any dimensions d there will always be a non-zero contribution dependent on the square
of the temperatures. Indeed, substituting the latter expansion in the Eq. (39) and Eq.
(40), and retaining the terms up to O(1/β2L/R), one finally gets
J |n0 =
pi2
12 Γ(d+1
2
)
m
d−1
2
(2pi)
d+1
2
µ
d−3
2
0
(
1
β2L
− 1
β2R
)
(43)
=
m
48
Γ(d
2
+ 1)
d−3
d
Γ(d+1
2
)
n
d−3
d
0
(
1
β2L
− 1
β2R
)
(44)
and
ϑ|n0 =
pi2
4 Γ(d+1
2
)
m
d−1
2
(2pi)
d+1
2
µ
d−1
2
0
(
1
β2L
− 1
β2R
)
(45)
=
1
8pi
Γ(d
2
+ 1)
d−1
d
Γ(d+1
2
)
n
d−1
d
0
(
1
β2L
− 1
β2R
)
. (46)
As expected in this particular regime, the zero order contribution vanishes, and both the
currents show an universal behavior proportional to the difference T 2L−T 2R, similarly to
the 3D calculation in Ref. [53]. Let us mention also that, having prepared the system
with an uniform initial particle density did not prevent the generation of a non-vanishing
current of particles in the non-equilibrium stationary-state. This is a direct consequence
of what we have already shown for the stationary particle-density profile in Figures 2
and 3.
6. The massless relativistic case
We now consider massless relativistic free fermions with dispersion relation
(k) = vF |k|, (47)
with k = {k1, . . . kd}. We study the relativistic case in order to emphasize that the low
temperature expansion of the currents for the non-relativistic case does not coincide
with the analogous problem for relativistic massless fermions. Indeed, even though for
small temperatures and near the Fermi surface the non-relativistic dispersion relation
can be linearized, only in 1D one recovers exactly the same scaling behavior of the
massless relativistic case.
Using the same approach of the previous sections, we obtain the stationary particle
current along the quenched direction x1
Jrel = − 1
2
∫ 0
−∞
ddk
pid
d
dk1
[nL(k)− nR(k)] (48)
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= − 1
2
∫ 0
−∞
ddk
pid
vF cos(θ) [nL(k)− nR(k)] , (49)
where n(k) = [exp(βvF |k|) + 1]−1 and we used the fact that d/dk1 = vFk1/|k| =
vF cos(θ). Similarly, the energy current is obtained
ϑrel = − 1
2
∫ 0
−∞
ddk
pid
d
dk1
(k) [nL(k)− nR(k)] (50)
= − 1
2
∫ 0
−∞
ddk
pid
v2F cos(θ)|k| [nL(k)− nR(k)] . (51)
Explicitly evaluating the previous integrals, one has for the non-equilibrium stationary
current of particles
Jrel = (2
d−1 − 1)Γ(d)ζ(d)
(2pi)dΓ(d+1
2
)vd−1F
(
1
βdL
− 1
βdR
)
, (52)
where ζ(z) is the Riemann zeta function. In the same way, we obtain for the energy
current
ϑrel =
(2d − 1)Γ(d+ 1)ζ(d+ 1)
2(2pi)dΓ(d+1
2
)vd−1F
(
1
βd+1L
− 1
βd+1R
)
. (53)
As expected, the relativistic currents, for d = 1, perfectly match the non-relativistic
results in (37) and (38) evaluated at zero chemical potentials, i.e.
Jrel|d=1 = log(2)
2pi
(
1
βL
− 1
βR
)
, ϑrel|d=1 = pi
24
(
1
β2L
− 1
β2R
)
, (54)
which agree with what was already found in Ref. [43].
Nonetheless, some comments about Eq.s (52) and (53) are due. Comparing these
expressions with equation (8) in Ref. [42], some differences are evident. Although the
explicit temperature behaviors are exactly the same, a different dependence on the left
and right velocities appears. Such a difference would still remain even if one considers
vF being different in the two halves and depending on temperature.
We argue that this difference is present since we are considering opposite regimes:
in Ref. [42] the authors take into account an ideal relativistic fluid strongly coupled in
the hydrodynamic limit, whereas we studied a free theory which has, by definition, an
infinite mean free path.
7. Conlusions
In this paper we studied the particles and energy currents in the non-equilibrium
stationary-state of a d-dimensional Fermi gas initially prepared into two halves at
different temperatures and chemical potentials. After having joined the two halves
with a local coupling, we left the system to evolve with a non-interacting Hamiltonian.
We exactly characterized the dynamics of the particles and energy profiles by means of
a semiclassical approach [44, 45, 46], and we found a perfect matching with the exact
numerical computation. Moreover, for generic spatial dimensions d, we analytically
computed the steady-state particle and energy currents.
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In particular, for a non-relativistic fermion gas, the exact expression for the
particle and energy currents strongly depends to the dimensionality d of the system.
Nevertheless, we observed an universal transport behavior at low temperatures
proportional to (T 2L − T 2R).
Moreover, we analyzed the difference between the non-relativistic and the massless
relativistic case, and we observed that the behavior of the non-relativistic case near
the Fermi surface, i.e. for TL/R  1, is different to the relativistic calculation. In this
regard, we stressed that only for d = 1 the two cases coincide.
In other words, the non-equilibrium transport properties of a non-relativistic Fermi
gas in d > 1 do not show a conformal invariant behavior.
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Appendix A. Effective mode occupation and energy distribution function
The functions characterizing the one-dimensional equivalent model, i. e. n˜L/R(p) and
E˜L/R(p) can be explicitly evaluated for any original dimension d. Indeed, using the
(d− 1)-dimensional spherical coordinates, the mode occupation can be written as
n˜L/R(p) =
Sd−2
(2pi)d−1
∫ ∞
0
ρd−2dρ
1 + eβL/R[(p
2+ρ2)/(2m)−µL/R] , (A.1)
where Sd−2 = (d − 1)pi(d−1)/2/Γ[(d + 1)/2] is the surface of the (d − 1)-dimensional
sphere with unitary radius. In particular, the radial integral can be explicitly evaluated
in terms of Polylogarithm functions Lis(z) ≡
∑∞
k=1 z
k/ks, and finally one obtains
n˜L/R(p) = −
(m
2pi
) d−1
2
Li d−1
2
(
−eβL/R[µL/R−p2/(2m)]
)
β
d−1
2
L/R
. (A.2)
Similarly, the energy distribution function is given by
E˜L/R(p) = −d− 1
2
(m
2pi
) d−1
2
Li d+1
2
(
−eβL/R[µL/R−p2/(2m)]
)
β
d+1
2
L/R
. (A.3)
We conclude this appendix giving some useful formulae regarding the Polylogarithm
functions. The following integral will be useful in the main text in order to evaluate the
stationary currents:∫ 0
−∞
dp pα Lis
(
−eβµe−βp2/(2m)
)
= (A.4)
=
(−1)αΓ[(α + 1)/2]
2
(
2m
β
)α+1
2
Lis+α+1
2
(−eβµ) .
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Furthermore, in order to extract the small temperature behavior, we will make often
use of the following asymptotic expansion for |z|  1 valid for all s and any arg(z)
Lis (−ez) =
∞∑
k=0
(−1)k(1− 21−2k)(2pi)2kB2k
(2k)!Γ[s+ 1− 2k] z
s−2k, (A.5)
where B2k are the Bernoulli numbers.
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